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Summary 

A straightforward yet rigorous  approach  that  does 
not require  distribution  theory is used  to  derive  a 
generalized  electric  dyadic  Green's  function  which 
remains  valid  within  the  source  region.  Although  the 
electric  field  expressed  by  the  dyadic  Green's  function 
proves  to  be  unique,  the  exact  form  of  the  dyadic 
itself  depends  upon  the  shape  of its "principle  volume." 
The  dependence  on  principle  volume  is  determined 
explicitly,  and  the  different  Green's  dyadics  derived 
by  previous  authors  are  shown  to  emerge  merely  through 
the  appropriate  choice  for  the  principle  volumes. 

Specifically,  we  can  begin  with  the  vector  Helmholtz 
equation  in  free  space  (a  similar  analysis  applies to 
- bounded  regions  as  well)  with  equivalent  current  source 
J contained  within  the  volume  V e J: 

For  sufficiently  well-behaved re, (I) has  the  solution 

where  Vl  is a  small  "principle  volume"  which  encloses 
the  singularity at r' = r. 

- 

Although  the  value  of  the  integral  in ( 2 )  converges 
independently  of  the  shape  of  the  principle  volume  Vi 
for  V' -f O f 1  in source  regions  the  limit  must  be  retained 
explicitly  when (2) is  differentiated  through  the  inte- 
gral  sign or transformed  by  integral  formulas.  In  fact, 
if ( 2 )  is substituted  directly  into (1) and  the  dif- 
ferentiation  brought  carelessly  under  the  integral  sign, 
as is done in many  textbooks,  we  find  that (1) is  not 
satisfied  in  the  source  regions.  (Assuming  a  delta 
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function  at r' = r  for (V2+k2) e does  not  help 

I TI-r I - 

;ince  the  singular  point r' = r  is  excluded  in (2) by 
v:.) However,  if  we  realize  that VL represents  a  limit 
of  integration  which is a  function  of r, the  variable  of 
differentiation,  it  can  be  proven  rigorously  by  direct 
xbstitution that (2) is  a  solution  to (1). Similarly, 
It  is a  simple  matter  to  show  that  the  familiar  vector 
md dyadic  integral-formElas2  apply  correctly  only  if 
the  singularity  at  r' = r  is  enclosed  by  the  principle 
volume. 

- 

With  proper  treatment of the  arbitrarily  shaped 
(regular,  of  course)  principle  volume,  equation (2) 
can  be  recast  into  the  form  similar  to  Van Blade11s3 
result  for  the  spherical  principle  volume, 

where 

is the  conventional  electric  dyadic  Green's  function 
(in  this  example,  for  free  space)  valid  outside  'the 
source  region,  and 

A _  

is a  dyadic  whose  value  depends  on  the  shape  of  the 
principle  volume V and  which  contributes  to E only 
At the  source  points. 

E 

The  value of each  term  separately  depends  upon  the 
jhape  of  the  principle  volume,  but  the  combined sum does 
not.  In  addition, ( 3 )  demonstrates  clearly  that  a  single 
dyadic  is not sufficient  to  represent  the  solution  to E 
in terms  of  Je.  However,  we  can  write  symbolically  the 
complete  Green's  dyadic  in  the  shorthand  form  previous 
m t h o r ~ ~ " ~ ~  have  used, 
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provided it is  understood  that  (5)  has  meaning  only  in 
the  context  of  the  two  terms  specified  in  (3). 

Finally, L has  been  evaluated  from  (4b)  for a 
- 

number  of  principle  volume  shapes.  It  is  found  that 
for  a  spherical  principle  volume  the  Green's  dyadic 
reduces to that  of  Wilcox6  and  Van Bladel;3 for  a 
flattened  right  cylinder  with  axis  along  the z -  
direction,the Green's  dyadics of Tail4 Collinf7 and 
~ahmat-~amii' emerge. 

In  short,  discrepancies  between  the  electric  dyadic 
Green's  functions  derived  by  different  authors  in  the 
past  are  shown  to  be  explainable  and  reconcilable  merely 
through  the  proper  choice of the  princi9le  volume. 
Moreover,  distribution  theory  alone  is not adequate  to 
extract  uniquely  the  proper  electric  dyadic  Green's 
function  in  the  source  region. 
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